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Dynamic Stability of a Rectangular Plate with Four Free Edges
Subjected to a Follower Force

Ken Higuchi* and Earl H. Dowellj
Duke University, Durham, North Carolina 27706

The dynamic stability of a flexible rectangular plate, such as a plate-like large space structure, is analyzed. One
of the four free edges of the plate is subjected to a tangential follower force. The plate shows both flutter and
divergence instabilities. The flutter load and divergence load are obtained for various slenderness ratios of the
rectangular plate by means of modal analysis. In the calculation, many weak instabilities were found; a weak
instability sometimes corresponds to a critical load which is significantly smaller than the strong flutter load. The
flutter mechanism was studied in depth because the behavior of flutter is fairly complicated with respect to
variations in slenderness ratio. Moreover, it was determined that a smaller slenderness ratio is generally desirable
to realize a high acceleration of the plate.

Nomenclature
= length of the plate, (see Fig. 1)
= width of the plate, (see Fig. 1)
: bending rigidity of the plate
: element of nondimensional load matrix
: element of stiffness matrix
: element of nondimensional stiffness matrix
= element of mass matrix
= element of nondimensional mass matrix
= surface density
= nondimensional follower force, [see Eq. (37)]
= nondimensional divergence load
: nondimensional flutter load
= generalized force, [see Eq. (12)]
= element of generalized force, [see Eq. (11)]
= follower force per unit width
: kinetic energy
= time
= strain energy
= generalized coordinate, [see Eq. (5)]
: see Eq. (15)
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JNote to the Reader: The terms "flutter" or "divergence" are
used here to denote a dynamic instability or a static instability of a
flexible structure under the action of a nonconservative force. In aero-
space engineering literature, the source of the nonconservative force is
often an aerodynamic flow. Here, the source is a follower force. For
those readers familiar with the aerodynamic flutter and divergence
literature but not the follower force literature, it may be noted that the
basic dynamics and statics are similar. The flutter mechanism in fol-
lower force problems is almost invariably one of frequency coales-
cence, analogous to bending-torsion wing flutter in an aerodynamic
flow. This is because the follower force itself is usually a static, rather
than a time dependent, force. If the follower force was time depen-
dent, other forms of flutter may also arise. The reader may wish to
consult a standard reference for further details, for example, "A Mod-
ern Course in Aeroelasticity", edited by Sitjhoff and Noorhoff, 2nd
Edition, by Dowell, Curtiss, Scanlan and Sisto, 1989.
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= deflection
= coordinate function in the direction of x
= w-th free- free beam function in the direction

o f ?
= coordinates, (see Fig. 1)
= coordinate function in the direction of y
= n-th free-free beam function in the direction

of 17
= nondimensional acceleration, [see Eq. (39)]
= eigenvalues of a free-free beam, [see Eqs. (22)

and (23), (26) and (27)]
= a2( )/dx2 + a2( )/dy2

= variation
= Dirac's delta function
= Kronecker's deltas
= virtual work
= slenderness ratio
= Poisson's ratio
= direction parameter of the follower force,

(see Fig. 1)
= frequency, [see Eq. (15)]
= nondimensional frequency, [see Eq. (36)]
= imaginary part of ft
= real part of ft
=x/a
=y/b
=d()/dt
= derivative with respect to a spatial coordinate

I. Introduction

LARGE space structures will be constructed for low Earth
orbit and then will be moved, for example, to a geosta-

tionary point. A plate-like large space structure, such as a
solar power station, may undergo dynamic instabilities be-
cause of its low rigidity when it is thrusted by follower forces.
Investigated here is the dynamic instability of a rectangular
plate that has four free edges and is subjected to a follower
force on one edge.

For a free-free beam (missile) subjected to an end thrust, the
dynamic instability has been studied by several authors.1'7
Beal,1 using a Galerkin method, extensively investigated the
problem including the effect of a control and a pulsating
thrust. In later studies, Wu,3 and Peters and Wu4 stated that
the second lowest branch of the eigenvalue curves determines
the critical load. They demonstrated this numerically by using
a finite-element method based upon an adjoint formulation.
They further studied the mode shapes analytically by using
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asymptotic expansions. Matsumoto and Mote,5 Park and
Mote,6 and Park7 considered a control system in order to
increase the stability of the beam. The history of research on
a free-free beam with distributed parameters subjected to an
end thrust is discussed in Ref. 4. A free-free beam with non-
conservative loading on both ends has also been studied.8'9

Celep10'11 studied a circular plate with all free edges under-
going axisymmetric and asymmetric deformations and sub-
jected to a nonconservative edge load. Of course, by defini-
tion, a circular plate is limited to a single slenderness ratio. For
a rectangular plate, there are also some studies,12'17 though
none for all free edges. A cantilever plate12 and a cantilever
plate with simply supported two opposite sides13'14 subjected
to nonconservative edge loading on free edges were consid-
ered. Leipholz and Pfendt17 investigated the stability formula-
tion of a rectangular plate with various edge conditions sub-
jected to follower forces uniformly distributed over the
surface of the plate, by using an extended Galerkin equation.
These studies are helpful in understanding the complicated
characteristics of dynamic stability of plates under nonconser-
vative forces. But none of their examples includes the case
where all edges are free.

In this study, instability phenomena of the completely free
edged plate thrusted by a compressive tangential force uni-
formly distributed on one edge are examined by means of
modal analysis. Flutter load and divergence load are obtained
for various slenderness ratios. And along with the change of
the slenderness ratio, the mechanism of flutter is discussed.
The effect of the true damping ratio on the flutter load is also
investigated. Finally, the optimum slenderness ratio, where
the largest acceleration can be realized without any instability,
is determined.

II. Formulation
Hamilton's Principle

Hamilton's Principle can be written as

\t](5T - 6U + 5WNC)dt = 0 (1)

where kinetic energy T potential energy U and the virtual work
done by nonconservative forces dWNC are written as follows
for a uniform, isotropic plate subjected to a follower force
(Fig. 1).

2(1 - 3xdy

dxdy

dw _
<?(9 + 1)— d(x - a)5w dxdy
! OX

(2)

(3)

(4)

where w(x,y,t) is the plate deflection, and d(x — a) is Dirac's
delta function. The magnitude of a compressive follower force
per unit width uniformly distributed on the edge of x = a is q\
and the force direction of q varies, although the magnitude is
invariant. The direction parameter based upon the angle be-
tween the force direction and a line tangential to the plate is
represented by 0 (Fig. 1).

Rayleigh-Ritz Approach
A Rayleigh-Ritz approach is applied as follows.18 By intro-

ducing the expansion of the plate deflection

- IlIlWmn(t)Xm(x)Yn(y) m,n = 1,2,3,... (5)

FREE

FREE X = Q

Fig. 1 Geometry.

we rewrite Eqs. (2-4) as follows:

'VijMmnij m,n,i,j -1,2,3,... (6)

WuKmnU m,n,ij = 1,2,3,... (7)

m&WyQmnv /H,/2,/J = 1,2,3, . . . (8)
in n i j

where, Mmnij, Kmnij, and Qmnij are tne coefficients formed by
integrating the coordinate functions in Eqs. (2-4), namely

2 m n i j

1

rtr,
Mmnij= mXmYnX,Yj dxdy

JoJo
(9)

- q (x/a) (XJ, YnX', Yj)) dxdy (10)

Qmnij = ioSo<?(6 + DX^Y^Yj ~5(x - a) dxdy (11)

The generalized force QJJ for the i/'-th generalized coordinate is

QmnU (12)

Now we can obtain Lagrange's equation from Eqs. (1) and
(6-12) as follows:

d(T - U) d(T - U) ij = 1,2,3,... (13)

or
VmnMmnij + WmnKmnij + WmnQmnU) = 0

m,n,ij = 1,2,3,... (14)

Suppose that the vibration is stationary, i.e.,

then, we obtain the following eigenvalue problem:

^T^Wmn( — ̂ 2Mmnij + Kmnij + Qmnij) = 0
m n

m,n,ij = 1,2,3,... (16)

This eigenvalue problem involves the external force q implic-
itly in Kmnij and Qmnij as shown in Eqs. (10) and (11).
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Coordinate Functions
One may choose the mode functions of a free-free beam as

the coordinate functions Xm(x) and Yn(y).19'20 Here, let us
introduce the nondimensional coordinates as follows:

= x/a (0 < £ < 1)

=y/b ( 0<7?< 1)

A =

where

om = - cosj8m

sh(3m - sin/3m '
-3,4,5,...

- V3(2r? - 1)

Yn(n) = (ch(3nrj + cosft^) - (^(sh/^T? + sin/3,, rj)
where

sh/:^ — si
n = 3,4,5,...

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

m,n = 1 and 2 correspond to the rigid body translation and
the rigid body rotation of a free-free beam, respectively, and
m,n = 3 corresponds to the lowest bending mode of the beam.
For the plate, an odd number n corresponds to a symmetric
mode with respect to the center axis of the plate in the direc-
tion of load, y = b/2, and an even number n corresponds to
an antisymmetric mode with respect to that axis. It is clear that
the functions (20-27) satisfy the following conditions:

K -
\1

0-
m = 2,3,4,...

n =2,3,4,...

m,i = 1,2,3,...

nj = 1,2,3,...

(28)

(29)

(30)

(3D

where dmi and bnj are Kronecker's deltas. By using Eqs. (17-31)
in Eqs. (9-11), we can define the following coefficients:

(32)

= Jo X m X i

X2[2(l -V)$~

5nj

(33)

(34)

Eigenvalue Equations
Now the eigenvalue problem, Eq. (16), can be written, by

using Eqs. (32-34), as follows:

j + Q~G~j) = 0

m,n,i,j = 1,2,3,... (35)

where

and
= mu2a4/D

Q = qa2/D

(36)

(37)

are introduced as the nondimensional frequency square and
the nondimensional load, respectively.

In this study, we use the coordinate functions up to the
eighth mode in each direction. For nontrivial solutions of this
eigenvalue problem, Eq. (35), we finally obtain the following
eigenvalue equations:

det ( - U2 7^~ + Q ~G~j) = 0

m,n,ij = 1,2,3,..., 8 (38)

In the present paper, the direction parameter of the follower
force 9 is set to zero, which corresponds to a purely tangential
follower force case.

40 80
LOAD Q

120 160

Fig. 2 Eigenvalue curves (X= 1, j> = 0.3).

20 30 40 50 60
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Fig. 3 Eigenvalue curves (A = 0.3, jf = 0.3).
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Fig. 4 Convergence of flutter load with number of modes used in the
analysis.

HI. Results
Eigenvalue Curves

Examples of the eigenvalue curves are shown in Figs. 2 and
3. Figure 2 is for the case of square plate, i.e., X = 1. Flutter
occurs when two real frequencies merge into a pair of complex
frequencies. Divergence occurs when a real frequency becomes
zero. These phenomena are clearly shown in Fig. 3 for the case
of A = 0.3. In this figure, QD^ and QDi2 denote divergence
loads, QF,2 and QFA show strong flutter loads, and QFl and
Q/r3 show weak flutter instabilities. The figure shows that QF5
corresponds to flutter of a much higher (frequency) mode.
The weak instability QF.I, not the strong flutter load QF2 for
a lower mode nor the divergence load QD>1, is the critical load
in this case.

There are altogether 64 frequencies in the model used for
the calculations. The lowest three frequencies of the free
rectangular plate for 9 = 0 are always equal to zero, corre-
sponding to rigid body modes. It is assumed that the rigid
body modes can be controlled properly and do not cause any
destructive behavior of the structure. So, the rigid body modes
are not illustrated in the eigenvalue curves.

Figure 4 shows the convergence of flutter load for a square
plate with respect to the number of modes applied. Taking up
to the eighth mode in each direction, which means a 64 x 64
matrix size, appears to be enough to ensure convergence.

I4O

'DIVERGENCE POINT_

••FLUTTER POINT

0.125 0.25 0 . 5 I 2 4 8

SLENDERNESS RATIO \

Fig. 5 Flutter load and divergence load vs slenderness ratio.

Weak Instabilities
Divergence load and flutter load for various slenderness

ratios of the rectangular plate are shown in Fig. 5. Divergence
loads for symmetric and antisymmetric modes show smooth
behavior as the slenderness ratio changes. On the other hand,
flutter loads sometimes change abruptly as the slenderness
ratio changes. The flutter mechanism is very sensitive to a
change of slenderness ratio. This is because there exist many
weak instabilities due to higher modes and there may be a
change in the most critical flutter mode due to a change in
slenderness ratio. And these weak instabilities sometimes de-
termine the critical load for a given slenderness ratio as shown
in Fig. 5, and more clearly as previously shown in Fig. 3.

However, it is possible to identify smooth envelopes of
flutter loads for similar eigenmodes. Flutter points that are
not connected by envelope curves in Fig. 5 correspond to
extremely weak instabilities or weak instabilities of much
higher modes. An envelope curve, written as A in Fig. 5,
changes abruptly at its left end into an envelope curve, written
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Fig. 6 Intensity of flutter and its transition.
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as B, with a drastic change of flutter load. On the other hand,
the right end of the envelope curve B decreases sharply as the
slenderness ratio increases. The reason for this behavior is
explained as follows and is illustrated in Figs. 6 and 7.

The ordinate QJ/OR in Fig. 6 is a measure of the intensity of
flutter, which involves the true damping ratio,21 where 1̂  and
fiR are the imaginary and real parts of the nondimensional
frequency, respectively. There is a strong instability noted as
A' and a weak instability noted as B' in each figure for the
cases of a slenderness ratio larger than about 1.1. In Fig. 6, A'
and B' correspond to A and B in Fig. 5, respectively. There
occurs a linked shape of A' and B' for the case of slenderness
ratio 1.1. The linked shape separates into A' and B' for a
slenderness ratio larger than about 1.25. This link is the reason
for the abrupt change of flutter load at the merging point of
envelope curves A and B in Fig. 5.

The weak instability B' becomes weaker, and at the same
time it occurs at lower load, as the slenderness ratio increases,
as shown in Fig. 6. The reason for this tendency can be
understood as follows. Figure 7 shows the natural frequencies
without loading for the lowest several modes. The numbers m
and n in the parentheses in Fig. 7 denote the dominant primi-
tive modes shown in Eqs. (20-22) and Eqs. (24-26), respec-
tively. The most critical two modes in this figure are modes C
and D. Both modes C and D are for symmetric deflection, as
noted from n in the parentheses in the figure. Moreover, both
change their natural frequencies monotonically, as the slen-
derness ratio changes. But, as shown by the mode number m
in the parentheses, mode D is a higher bending mode in the
direction of loading than mode C.

Now recall that for a certain load, mode D merges into
mode C, which means flutter or a weak instability, Figs. 2 and
3. Secondly, note that the increase of nondimensional fre-

100

1.2 1.4 1.6

SLENDERNESS RATIO

1.8 2.0

X

Fig. 7 Change of natural frequency with slenderness ratio for no
force (lower 4th to llth frequencies).

0.125 0.25 0 . 5 I 2 4 8
SLENDERNESS RATIO X

Fig. 8 Flutter load and divergence load for various true damping
ratios.
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Fig. 9 Flutter acceleration and divergence acceleration vs slenderness
ratio.

quency for mode D due to an increase of slenderness ratio has
a limit, Fig. 7. However, the nondimensional frequency for
mode C is almost linear with respect to an increase of slender-
ness ratio. Therefore, the difference between the two frequen-
cies for modes C and D becomes smaller as the slenderness
ratio increases. Thus, with increasing slenderness ratio, the
two modes can merge more easily into an instability. How-
ever, the intensity of the instability becomes weaker; this weak
instability disappears at the intersection of the two modes C
and D.

Damping
As shown in Fig. 5, the lowest instability load may change

abruptly due to a change of slenderness ratio if there is no
damping. In the presence of structural damping, some of the
weak instabilities disappear. A perturbation analysis shows
that the true damping ratio OI/^R, is approximately equivalent
to one-half of a structural damping coefficient g.21 It is ex-
pected, therefore, from Fig. 6 that a weak instability whose
intensity is smaller than a certain level of true damping ratio
will not occur for sufficiently large g. The lowest flutter load
and divergence load are shown in Fig. 8 for three values
of Q,/QR or g/2: 0, 0.01, and 0.05. In the case of Qj/0R > 0.05,
the flutter load variation with slenderness ratio is compara-
tively smooth. Moreover, there is no significant change in the
nature of this variation if the threshold of $VQR is increased
beyond 0.05.

Acceleration Limits
In the application of these results to the optimum design of

a large space structure, the best choice of slenderness ratio for
a rectangular plate will be desired. This choice may be defined,
for example, as the maximum in-plane rigid body acceleration
of the plate for which no instability occurs for a given total
area of a rectangular plate. Toward this end, based upon the
condition that the area is held constant, the nondimensional
acceleration ce is defined here as

qb/mab
(39)

where qb/(mab) is the actual acceleration of the plate, Q is the
nondimensional load, and X is the slenderness ratio. The low-
est flutter acceleration and the lowest divergence acceleration
for various slenderness ratios are shown in Fig. 9. The
threshold of 1VQR for flutter in this figure is 0.05. It is seen
that a smaller slenderness ratio is generally desirable and that
there exist maximal values around X = 0.4 and 0.6. However,
the rapid change of the results of flutter limit and divergence
limit in that slenderness ratio range, 0.4 to 0.6, may require
special attention in actual applications.
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IV. Concluding Remarks
Flutter and divergence loads of flexible rectangular plates

with free edges subjected to a follower force were obtained for
various slenderness ratios. The flutter mechanism was studied
closely because the behavior of flutter is fairly complicated.
Many weak instabilities were found. The weak instability
sometimes determines the critical load, which is often signifi-
cantly smaller than the strong flutter load or the divergence
load. Therefore, critical loads show a rapid variation with a
change of slenderness ratio for zero structural damping. How-
ever, some instabilities do not occur if damping exists.

A slenderness ratio near 0.4 or 0.6 is desirable from the
viewpoint of obtaining a large in-plane rigid body acceleration
caused by the thrust without flutter or divergence. However,
the rapid variation of the minimum acceleration at which
flutter occurs in this slenderness ratio range may suggest that
caution is needed in using these results.
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